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Abstract — This work is concerned with an extension of the classical compressible Euler model of fluid dynamics in which the fluid internal energy is a
measure-valued quantity. This model can be derived from the hydrodynamic limit of a kinetic model involving a specific class of collision operators. |

the present paper, we investigate diffusive corrections of this fluid dynamical model derived from a Chapman—Enskog expansion of the kinetic model, i
the case where the collision time depends on the particle energy in the fluid frame. We show that the closure relations for the stress tensor and heat flux
vector differ from their expression in the usual Navier—Stokes model. We argue why such a feature could be used as a tool towards an understanding of
fluid turbulence from kinetic theory] 2001 Editions scientifiques et médicales Elsevier SAS
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1. Introduction

This work is concerned with a fluid-dynamical model which extends the classical Euler equations of
compressible gas dynamics. It consists of a coupled system for the fluid mean velgcity on the one
hand, and for the particle energy distribution functigx, &, r) on the other hand, whereandr are position
and time and wheré = |v — u(x, 1)|?/2 € [0, co) is the kinetic energy in the fluid rest frame of a particle of
velocity v. This system of equations is written in dimensibd = 1, 2, 3):

og 2 0dg .
0 2w
E(PM) + V.(puu) + V, (7) =0, 2)

wherep andW are the fluid number and energy densities, relategttoough

p=/0 gdu (&), W=/0 g€ du(®), )

with dv(&) = |S?2||2£|“2/2dg and |S?~1| is the measure of the spherelRf. The particle mass is set to

1 for simplicity. By integrating (1) with respect p a closed system of equations for the number and energy
densitiesp andW and the mean velocity is obtained, which turns out to be identical to the usual compressible
Euler equations [1,2].

* Correspondence and reprints; e-mail: degond@mip.ups-tise.fr
E-mail addresslemou@mip.ups-tise.fr (M. Lemou).
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It has been shown in [1,2] that this model can be formally derived from a hydrodynamic limit of a kinetic
equation
af

1
8—+U Vi f=-0(0f), 4)
€

where f = f(x,v,t) is the kinetic velocity distribution function anelis the (supposedly small) Knudsen
number. The collision operat@ ( f) describes the isotropization of the particle distribution function about the
fluid mean velocity and is written

1
o(f)= Z (Pu, ()= f), (5)
with

P, (f) = 4/ Flus + v —uslo) do, f_/vfdv</fdv) , ©6)

whereu ¢ is the average velocity of andt = 7(x, t) is the mean collision time. The collision model (6)
appears in space plasma physics as a simplified description of wave-particle interactions and is used in cosmic
ray modeling [3—6]. The existence of solutions for (4) was proved in [7].

In the present paper we shall argue that, in a very preliminary and primitive way, this kinetic model could also
provide a methodology for deriving compressible turbulence models from kinetic theory. Indeed, interpreting
f(x,v,t) as the velocity distribution of the small scale structures (rather than as a particle kinetic distribution)
the operator (4) provides a model for the interactions of these structures provided that the energy dissipation
occurs on a longer time scale than velocity isotropization. Since the interactions must be total momentum
preserving, isotropization must naturally occur about the average fluid velocity.

In section 2, we shall show that indeed, system (1), (2) can be rephrased as a gas dynamics model in which
the fluid internal energy = W/p is a measure-valued quantity. Therefore, the model (1), (2) retains the fact
that within one mesoscopic scale,d large number of fluid microstructures coexist, with an average velocity
identical with the fluid mean velocity but with a full spectrum of allowed internal energies. In the laminar regime
case, where no microstructure exists, the measuyredé reduces to a Dirac delta measd(€é —e(x, t)), where
e(x, t) is the usual (monovalued) fluid internal energy satisfying the standard compressible Euler equations.

We can expect that the diffusive effects (such as viscosity and heat conductivity) are modified by the
multivaluedness of the internal energy. This can be a way to establish how turbulence (here represented by
the ‘continuous’ spectrum of fluid internal energies) affects diffusion. In this direction, diffusive corrections
to (1), (2) are derived in [2] by means of a Chapman—Enskog expansion of (4). As expected, this procedure
does not lead to the compressible Navier—Stokes equations in their usual form: the heat flow vector appears
to be a function of the higher-ordérmoments ofg. This indicates that the model is able to capture certain
features of the microscopic structures in the expressions of the dissipative fluxes, in a similar fashion as other
phenomenological turbulence models like #ies model [8] do.

However, in [2], the viscosity appears similar as in the conventional Navier—Stokes model. This together
with the fact that the isotropization timeis independent of the energy of the microstructures indicates that the
model (5)—(6) must be complexified in order to approach reality.

The major goal of the present paper is to investigate the influence of an energy-dependent isotropization time
7(&). This point is developped in sections 3 and 4. In this case, conservation of total momentum requires that
isotropization occurs about an ‘isotropization velocity’ which may be different from the fluid average velocity.
Near equilibrium § <« 1), these two velocities are close up to the oreleFor this model, the viscosity as
well as the heat flux appear dependent on the full spectrum of fluid energies represegtetiheyefore, a
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&-dependent collision time leads to expressions of the diffusivities that seem to take better account of the
presence of fluid microstructures than the constamiodel.

To be useful in practical cases, the model must not be too complex. The energy-distribution fignction
satisfies a second-order partial differential equation in a four-dimensional 6p&gethe numerical resolution
of which would often be prohibitive. Therefore, in section 5, we shall propose closure strategies for the system
of £-moments ofg, which result in a lower-dimensional system of equations to solve.

Finally, we show in section 6 that our method, although seemingly restricted to relaxation time operators,
is indeed more general and is valid for any rotationally invariant operator which preserves total momentum
and the energy in an appropriate frame. In particular, our results also apply to Fokker—Planck type collision
operators.

We end this introductory section by saying that the same methodology could be developped for
incompressible fluids. We refer the reader to [2] for the case of a constaltie case of &-dependent
will be dealt with in future work. We also refer to [2] for a more detailed bibliography about the mathematical
aspects of hydrodynamic and diffusion limits.

2. Thefluid-dynamical model with measure-valued internal energy

In this section, we develop some considerations about the model (1), (2). We first show that it can be
interpreted as a gas dynamics model with measure-valued internal energy. Let us consider the motion of a
fluid element d d¢ in (x, &) space, according to equation (1), assuming that the velocity:field) is given
and smooth. We note that, throughout this paper, we shall disregard shock situations; wgtéisgontinuous.

Shock theory for the multivalued energy model (1), (2) is an essentially open problem. With a smtath
trajectory (X (z), E(¢)) of this fluid element is a characteristic of (1) and consequently solves the following
differential system:

. . 2
X)) =u(X@),1), E(t):—gz(t)(vx-u)(X(t),t), (7)

where the dot denotes the time derivative. We notice that the motiorspace is independent of the position
in the £-space and coincides with the convection of a usual fluid element by the velocity field

Letus denote byX (z; x, 5), E(¢; x, £, 5)) the position at time of the fluid element issued frox, &) attime
s. For a given paif(s, 7), the mappingc — X (¢; x, s) is a diffeomorphism of the position space. Its Jacobian
J(t; x, s) is the ratio of the volume elementsXd= J dx. According to a well-known result] satisfies the
differential equation

J@)=J@0)(Ve - w) (X (1), 1), (8)
But, using the second equation of (7), we can write
13 d —~—1r
JTH =V u)(X(), 1) = 5878,
or
d (B927) =0, 9)

dr

which means thaE?/?dX is a constant of motion. Mathematically, one should say that the differential form
w(x, &) =&92dx is conserved by the flow ifx, £) space (i.e. at any time, its reciprocal image under the flow
is equal to itself).
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This identity reminds of another identity valid at the level of the usual compressible Euler equations. Indeed,
the internal energy(x, t) is the solution of

de

2
a1 + (u-Vy)e — Ee(vx u) = 0,

which implies thatE(r) = e(X(¢), t) satisfies (9) withZ replaced byE and consequently thaf/2dX is
constant along a solution of the Euler equations (mathematically, one should say that the differential form
a; = e(x, t) dx is convected by the flow, i.e. the reciprocal imagerpby the flow is equal te).

Both identities reflect the well-known evolution of the internal energy under an adiabatic compression or
rarefaction. In other words, each fluid elementdd in (x, &) space evolves according to the same adiabatic
law as the single fluid elementxdn conventional gas dynamics. Therefore, one can view model (1) as the
natural extension of usual gas dynamics when the fluid internal energy is multivalued. The picture can be
summarized as follows: an arbitrary fluid volume elementcdnsists of infinitely many subelements, each
of them having its own internal energy but sharing the same drift velocity as the ‘big’ fluid element. The
probabilistic repartition of the internal energyof the fluid subelements of the volume: & obtained fromy
by constructing the probability measure

Ve (dE) = p~x, g (x, &, ) dv(§), du(&) = [S7|25]“"2/2 de. (10)

The measurey, (d¢) expresses the probability that in a given fluid elementad time ¢, one finds a
subelement with internal energy in the range¢ + d¢). We obviously have

w
/v(xwf)(dS) =1 /év(x,z)(dé) == e.

Therefore, the fluid internal energy is just the average of the internal energy of the subelements with respect to
the probabilityv.

To be complete, this description must lead to the usual compressible Euler equations when the energy
distribution of the fluid subelements is monovalued, i.e. whegn,(d§) = §(¢ — e(x, t)) d€, or equivalently
when

G = [S"7Y|28|"P%g = ps (£ —e(x.1)). (11)

It is easy to see thak satisfies the conservative form of (1):

3G 9 /2
Ve G) — ﬁ(gg(vx-u)c) —0. (12)

Now, it is an exercise to show thét satisfies (12), coupled with (2) if and only if the triple, «, ) satisfies
the usual compressible Euler equation.

There is another particular solution of system (1), (2) which yields the gas dynamics equations: the
Maxwellian
0

M, (&)= @n T exp(=§/T7), (13)

whereT is the temperature. Again, it is an exercise to show gt is a solution of (1) coupled with (2) if
and only if (o, u, T) satisfies the usual compressible Euler equations.
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It is interesting to remark that these two particular classes of solutions (11) and (13) do not overlap, and
that in particular, (11) does not correspond to a zero temperature limit of (13). The delta function solutions
(11) correspond to a phase-space distribution funcfién, v, ) which is a measure supported by a sphere
in velocity space, while the Maxwellian corresponds to the usual concept of thermodynamical equilibrium.
While the Maxwellian naturally appears in the microscopic description of molecular motion, the delta solution
is the lead from the multivalued energy model to the conventional one. This remark supports the use of
the multivalued energy model as a convenient statistical model for turbulence modeling, as the statistical
distribution is not related to the equilibrium statistics of the microscopic motion.

One of the major consequences of turbulence in a fluid flow is the increase of the diffusivities (viscosity
and thermal conduction), due to the large gradients associated with the small scale turbulent motions. Since in
many practical applications it is too expensive to resolve the small scales, various phenomenological models
have been proposed. They attempt to describe the effects of the small scale unresolved turbulent motion on
the large scale motion, and particularly on the diffusivities. They are based on a statistical treatment of the
fluctuations of the fluid quantities and involve necessary closure assumptions (see, &g- theodel [8]).

We refer to [9-11] for general expositions of this problem.

Therefore, it is a natural question to investigate what are the shapes of the diffusivities associated with
the model with multivalued energy (1), (2). Indeed, if the collision operator (5) is believed to provide a
reasonable description of the interactions between the small scale structures, the diffusivities resulting from
these interactions will be found by a higher order (Chapman—Enskog) expansiaf the kinetic equation
(4). This has been performed in [2] for a constant collision timén [2], it is shown that the multivalued
energy model does not reduce to the conventional compressible Navier—Stokes equations by a simple moment
procedure. Indeed, the resulting heat-flux vector is given in terms of a higher order moment of the energy
distribution function, showing that heat dissipation depends on the full statistics of the fluid subelements. At
variance, the viscous stress tensor is not modified from its Navier—Stokes value. This apparent insensitivity of
the viscous stresses to the energy statistics of the fluid may be an artefact due to the crude simplicity of the
collision model with a constant collision time.

The goal of the present paper is to prove that a more complex collision law, with a collision tepending
on the relative energy in the fluid frame, actually yields diffusivities which are both (i.e. viscosity as well as
heat dissipation) dependent on the energy statistics of the fluid. We first develop some considerations about the
collision model in the next section.

3. Thecaollision operator and thekinetic equation
3.1. The collision operator

We consider the following collision operator:

1
O(f,u)=—-Lyf, (14)

T
with
1 / /
Luf ) =N = F0) = /S £l v = ulo') do’ = f (0). (15)

The functionf = £(t, x, v) is the particle distribution function, depending on the position veeteiR?, the
velocity v € R?, and the time > 0. The vectom = u ;(t, x) is some kind of average velocity gf which will
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be specified below. The quantity — «|?/2 is therefore the particle kinetic energy in a reference frame moving
with velocity « and will be referred to as the ‘relative kinetic energy, is the orthogonal projector (i?)

onto the space of functions depending |on- «| (or equivalently, on the relative kinetic energy— u|?/2)
only. Thereforell,(f) = I1,(f)(lv — u|?>/2). The collision timer = (¢, x, |v — u|?/2,[ f]) is supposed to
depend locally upon, ¢, and upon the relative kinetic energly — u|?/2. Moreover,r is an operator acting

on f through its dependence with respectitoAdditionally, we assume that for any, x, v) and anyf,
t(t,x, |[v — u|?/2, [ f]) only depends ow through|v — u|?/2. An example of such is T(P,(f)), but many
other examples can be devised. Later on, we shall omit the dependencapaix and:.

Now, we make the definition of  more precise. We determing by the requirement thap is momentum-
preserving. To make it explicit, we first need the following:

PROPOSITION 3.1: (i) We have

/Sd?l O(f,u)(u+|v—ulw)do =0, (16)

or equivalently

lv—ul?

[, emwe (M5 ) do=o. an

for all functions¢ (£), & > 0. In particular, Q(f, u) preserves the density and the average fluid energy in the
frame moving with velocity, which is expressed by

v —ul?

2

/ O(f. u)(v) dv =0, / O(f.u)(v) dv=0. (18)
Rd R‘l

(i) The null-space oD is the space of functionﬁ(M) where the functiom (¢) and the vectow € R
2
are arbitrary.

(iii) The collision operato(14) preserves momentum, i.e. satisfies

[, etmwds =0, (19)
if and only if the velocity: satisfies
1 lv— u|2
Lw-wet (M55 ) rmd=o (20)
Then, the operator preserves the total fluid energy
|vf?
[, etr.ww-do=0 (21)

Proof. —(i) SinceIl, (f) is a function ofjv — u| and sincer depends om only through|v — u|, we have:

1 1
W/Sd—l Q(f, I/t)(u +lv —u|a)) do = ;(Huf — I, f) =0,

which gives equation (16). Now, we have
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[, U@ é (v —ul) do

+00
=/0 S, (Qu (2 ) f (v — ul) v — " (Jv — ul)d (v — u]) =O0.

Relation (18) is obtained by takinfy(¢é) = 1 and¢ (&) =& in (17).

@i If f=f(v—u| thenIl, f = f and Q(f,u) = 0. Conversely, ifQ(f,u) =0 thenf =11, f depends
on v only through|v — u]|.

(iii) Because the operator preserves the mass (18), we have

1
/ vQ(f,u)(v)dv=/ (v—u)Q(f,u)dv=—/ (v —u)— f(v) dv.
R4 R4 R4 T

We then deduce (20). The conservation of the total energy (21) comes from combining (18) and (19), using the
identity |v|?/2=|v — u|?/2 — [u|?/2+v-u. O

In the remainder of the paper, we shall take: u ; satisfying (20) in the collision operator (14), (15).

Note that equation (20) definas implicitly (because of the dependencewof! uponu ;). The velocityu
does not coincide with the usual fluid mean velodity: it » defined by

1
ﬁ:—/ vf (v)dv, ,0:/ f()dv. (22)
p R4 R4
In the particular case of a distribution function of the fofre= f (Jv — iz|), the two concepts of average velocity

coincide:u = ity (More preciselyy ; is a solution of (20)). In this paper, we shall not dwell on the problem of
solving (20) and we shall assume that there exists a unique ‘physically admissible’ velocity field solving (20).

3.2. The kinetic equation: approximate solutions and change to the local frame

We now consider the kinetic equation (4), with the collision operator defined by (14):

1 a
TfSZEQ(fS,Mfs), TfEa—']: + U.Vx f (23)

We define an approximate solution of (23) at the ordés be a solutionf* of
re 1 re n
Tf =EQ(f,u};g)+O(e). (24)
We show that equation (20) for the definition:of can be equivalently replaced by an equation involving the

first moments off .
Indeed, equation (23) is equivalent to the following system, of unknagtirendu?:

1
Tf&‘ — gQ(f&"uS)’

Jot _”S)’l<@’ fe)fﬁ(v) dv=0. (25)
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Since the second equation of (25) is equivalent to to the fact@hatmomentum-conservative, system (25) is
equivalent to:

1
ng = gQ(fe, Me),
(26)
/ vTfé(v)dv =0.
R4

Then,u® appears as the Lagrange multiplier of the momentum preservation constraint as expressed by the
second equation of (26).

The same splitting can be performed for the ordeapproximate solutions: indge(f,*f is an ordern
approximate solution according to definition (24) if and only if there existsuch that( ¢, i®) satisfies:

- 1 -
Tfe= ;Q(fe,fﬁ) +O(e"),

° (27)
/ vT f¥(v) dv=0(g").
R4

The ‘only if” part is obvious with the choicg&® = u ;. by multiplying (24) byv, integrating it with respect to
and using that

/Rva(fe,ufs) —0. 28)

Conversely, from (27) and (28), we have
/ 0 (f5, &) _/ vO(f* uz) =O(e"H).
R4 R4

Thus, under the hypothesis that equation (20) has a unique branch of ‘physically admissible’ solutions and
that this branch consists of regular solutions of the non-linear equation (20), we formally get:

i =uz +O(e"H).

This shows that every solutiof¥ of (27) is a solution to (24).

We now transform the approximate solutions defined by (27) by evaluating the kinetic velocities in the frame
moving with velocityz®. We introduce:

v —a°|?

p=v—iif,  F'(p)=f'), &= 5 (29)

To simplify the notations, we shall omit the subscriptthe tildes and the argumentaind x of the function
7 whenever the context is clear. We still denote fyndu the solutions to (27), and by the corresponding
function obtained by the change of variable (29). In termg ef F(p), we have

OF 9
Tf = +u-ViF+p-V,F - (a—bt’ + (qu)u) V,F — (Va)p - V,F,
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where V,u denotes the matrix whose coefficients &k u);; = du;/dx;. Then the first equation of (27)
becomes:

1 n
A(F, u)=gt(§’F)LF+O(e ) (30)
whereL is the operatoiq given by (15) foru = 0:
1 / /
LF)=TUE(P) ~ F() = g [ Fllple!) o'~ F(p) (31)

and

A(F,u)=T,F + p-V,F —C,-V,F — (Vu)p - V,F,

. oF

TF=——+u-ViF, (32)
ou

C,= o + (Viu)u.

Now we recall that: and f are linked by the second equation (27), which can be written in ternis of
[, PAE. () dp =O(e”). (33)
Using the expression o4, we obtain by a simple integration:
[, pAE.u)(p)dp = BCF.w),
with
ad
Bru=C, [ Fap+9,- ([ p@prp)+(y +u- o+ Var 5wt ) ([ pFdp). 38
R{l ]Rll 8t Rd

Finally, problem (27) is equivalent to the following system of equations:

T(§, F)A(F,u) = %LF +O(e"),
B(F,u)=0(s"),

(35)

with A(F, u) given by (32) and3(F, u) by (34).

In (35), the collision operatok is linear and independent af L is clearly a self-adjoint operator (ih?)
and its null-space is simply the space of isotropic functions (i.e. the functions dependm@ry through
|p1). Note also that the implicit character of equation (20) is now concentrated in the second equation of (35):
for a given F, the corresponding is simply a solution of an equation whose coefficients are averages of the
distribution functionF with respect top.
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4. Approximate macroscopic modelsto thefirst and second orders
4.1. The Chapman—-Enskog expansion, review and notations

In this subsection, we first review some basic facts about the Chapman—Enskog expansion. This method
allows to find successive approximate solutions to kinetic equations of the general form (4) in terms of the
small parametet. To simplify the general presentation, we shall restrict ourselves to a I@eay although
the method also standardly applies to non-linear operators. The presentation below is inspired from [12]. We
also refer to [13-16] for general expositions about fluid-dynamical limits of kinetic theory.

The null-spaceV (Q*) of the adjointQ* of the collision operator plays a central role. We denotdlbthe
L?-orthogonal projection ont®& (Q*). The choice of the notatioH is not coincidental because in our example
(14), 11 is actually given by (15). We also denote by, g) the usual scalar product between two elemehts
andg of L2.

The Chapman—Enskog method consists in looking for an ordgaproximate solution in the sense (24) of
the following form:

= refi +Ef5 e (36)

where the functiong; may depend on but remain @1) ase — 0. Below we will see thaf{ is an equilibrium
function (f§ € N(Q)), and that thef{, k > 1, are successive corrections £f and are taken iV (Q)*. For
simplicity we will omit the subscript in all the sequel.

For an approximation of order 1, we only have to choose (formalygnd f; such that:

Q(fo)=0 and Tfo=Q0(f).

For these equations to admit solutions we must chgpse N (Q) such thatl' fo € N(Q*)*, which also reads:
foe N(Q) and [T fo = 0. (37)

The solvability equation (37) leads to the macroscopic model associated with (4) at the first arder in

At higher orders, a straightforward identification between terms of the same orde(i.;mn the Hilbert
expansion) does not lead to the expected expression of the diffusive fluxes (such as, e.g., viscosity and thermal
conduction). To that aim, a more complex matching of the terms of the various orders must be performed. First
we write

1
Tfo+eTfi+eTf= —{0(fo) +e0(f0) + e2Q(f2)} +0O(e?), (38)
which implies in particular that
I17 fo = O(e). (39)

Thus the quantityl17 f, can be substracted from the zeroth-order term and added to the first-order one. We
then obtain by identification:

0(fo) =0,
Tfo— T fo= QO(f1), (40)

1
Tfi+ gano = 0(f2).
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The second equation of (40) satisfies the solvability condition by construction. It can be solvgd=by
O YT fo — IIT fo) with Q1 the inverse of the restriction a® to N(Q)*. However, for the third equation
to have a solution, one has to write a solvability condition:

T fo+ eNTfi =TT fo+eNTQ (I — )T fy=0. (41)

In the case of collisions operators of Boltzmann type, it is well-known that the equation (41) is equivalent to
the system of Navier—Stokes equations with diffusion terms proportional to

The Chapman—Enskog method can be pursued to higher orders, following the same process as for the order
2. The ordem > 3 expansion leads to the following solvability condition

n—1 )
NTfo+eNTQ I —MTfo+> NT[Q U —MT] fo=0. (42)
i=2

However, in the present paper, we shall restrict to first- and second-order approximate solutions because higher-
order fluid models (like the third-order or ‘Burnett’ model) are generally ill-posed.

4.2. The multivalued energy model to first order
In this section, we check that system (1), (2) is indeed the first order approximate model of (23), and we

use the formulation (35). According to the Chapman—Enskog method, we e¥pank, + ¢ F; and insert this
expression into system (35):

1
T(§, Fo+ e F1) [A(Fo, u) + e A(F1,u)] = gLFQ + LF; +O(e),

(43)
B(Fo,u) + eB(F1,u) = O(e).
Identifying terms of the same order érand removing the terms of ordeywe obtain
LFy=0,
T A(Fo, u) = LFi, (44)
B(Fo, u) =0.

The first equation of (44) implies thd is a function of = |p|?/2 only: Fo(p) = g(£). The second equation
of (44) admits a solutiorF; if and only if [TA(Fp, u) = 0. We have

d d
A(FO’ u) = A((g’ u) = Tug +p: (vxg - C, ﬁ) - [(qu)p ' P] £ ’ (45)

with 7,, andC, given in (32). To makél.A(g, u) andB(g, u) explicit, we use the following elementary lemma
(the proof of which is omitted):

LEMMA 4.1: If ¢ is a function of = % then we have

R

Mp®pp )] =—¢ (&), M[Mp - pp )] = %TF(MW(S),
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and
2
O[(Mp-p)pp @) = d(:i ) [Tr(MYT + M+ MT)¢ (&),
2
O[(Mp-p)Np-pep&)] = d(:ili- ) [Tr(M)TrN) + (M + MT) : N (&),

for any d x d matricesM and A possibly depending ofx, r). We have denoted by : B the contracted
product between twd x d matricesA and B (A : B =Tr(AB)), by Tr(A) the trace of the matrixd and by/
the identityd x d matrix.

Then, we easily get:

g
o€’
It follows that system (44) is equivalent to system (1), (2)d@ndu. We recover the same result as in [1] and

[2]. In particular, at this order of approximation, the discrepancy between the fluid mean vealpcityd the
isotropization velocity: s is not detectable.

2 2w
A, 1) = Tug — 5 (Vi B(g.u) = pCy + V, <—> . (46)

d

4.3. The multivalued energy fluid model to second order

We seek an order two approximate solution to (26). We recall that this corresponds to a s@futigrio
system (35) fon = 2. As for the first order, we assume thathas the form:

F=g(t,x,£)+eF1+&°Fy, (47)
and insert this expression into equations (35)

(48)

(&, F){A(g, u) + e A(F1,u) + ®A(Fp, u)} = LFy + e LF, + O(&?),
B(g, u) + eB(Fy, u) + e?B(Fz, u) = O(?).

The first equation implies in particular thBAtA(g, u) = O(e). Thus the first equation of (48) can be rewritten
in the form

T (&, F){(I —IA(g,u)+¢ [A(Fl, u) + i:Ll'IA(g, u)] + 2 A(Fy, u)} =LF +eLF+ 0(82). (49)
We identify the terms of the same ordersimnd remove the terms of order 2, and get
t(§, F)(I —D)A(g,u) = LFi,
& ) (A0 + (A0 )= LE (50)
B(g,u) + eB(Fy,u) =0.

Now we remark that the restriction @fto N(L)* is simply —I and then its inversé& ! is also equal te-1. If
we seekF; € N(L)*, the solution of the first equation (50) is

Fi=—1(, F)(I —TDA(g, u). (51)
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Then, the second equation of (50) has a non-empty set of solukipifsand only if the projectionlT of the
left-hand side vanishes. Therefore, the last two equations of (50) are equivalent to

{HA(g,u) + eTMA(F1, u) =0, (52)

B(g,u) +eB(F1,u) =0.

Now, the expression af; contains a dependence én= g + ¢ F1 + £2F, through the functiorr. But F; only
appears in terms of order 1 iin (52). Therefore, with the same accuracy, we can reptdé¢® by z(g) in
(51) and let

Fi=-t(&,9)(I -IDA(g, u). (53)

The two equations (52) witl; given by (53) provide a sufficient condition on the p&it «) which makesF
given by (47) an order 2 approximate solution of the kinetic model (23). Furthermore, any order 2 approximate
solution of the form (47) withFy, F, € N(L)* is given by equation (52) as the next proposition shows:

PROPOSITION 4.2: The pair F = g + ¢Fy + €2F,, u with TITFy, = IT1F, = 0, is an order2 approximate
solution to the kinetic equatiof85) if and only if (g, u) is a solution of(52).

Proof. —We insert the expansiof = g + ¢ F1 + &2 F, into (35) and obtain (48). For the first equation of (48),
we take the orthogonal projection omié L) and obtain:

M[A(g, u) + e A(F1 + e Fp, u)] = O(e?). (54)
Then the first equation of (48) is equivalent to:
L(Fi+eF) =t(&, F)[(I — )A(g, u) + (I — T)A(F1 + £ Fp, u)] = O(&?). (55)
BecauseFy, F> € N(L)*, we can now apply.—* and obtain:
Fi+eF=tL (I -)A(g,u) +e(I — A(FL+ e Fa,u)] + O(&?). (56)
We insert the expression @ + ¢ F, given by (56) into (54) and get
M[A(g,u) +eA(tL™ (I — ).A(g,u), u)] = O(e?).
With the second equation of (48), we finally obtain:

{ M[A(g. u) +eA(rL I — T A(g, u), u)] = O(?), &)

B(g,u) +eB(tL™ (I — I).A(g, u), u) = O(?).

We can now replace(F) by 7(g) because we are interested only in terms of order less tham.ITinis leads
to (52). Therefore, such an order two approximate solution is necessarily given by (52).

Equations (52) lead to the following model:

PROPOSITION 4.3: Systen(52)is equivalent to the following system
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z_f+u,vxg (V, u)%?-‘; Sjsldﬁ(V - C, E><r(§,g)$d/z<vx—Cu%)g)

£ ””285( & geF ag>("(”) Vo), (58)

T A2

dit -\, 2 -
1Y (E + (qu)(u)) +gvxw =&V, - (;,LtO'(M)),

whereu andi are linked by

_ _ 2& dg
p(”_”)——S/Rdgf<ng—Cu£) dp (59)
and with
p(x, 1)\ 1 ~ o2
<W(x, ) >_ /Rd glx. 5, t)<g > dp, o) =Viu+ (Viu) — E(Vx ~u)l (60)
(where the exponerft denotes the transpose of a majrand
he= gy [ IPE 05 O ©1)

We recall thatdp = |S?~1||28|@-2/2dg.

Before proving this proposition, we comment on the result. The second equation (58) is the fluid momentum
conservation equation in a form close to the usual Navier-Stokes equation, except for the expression of
the viscosity (61). The first equation (58) gives the diffusive corrections to the equation (1). There are two
dissipative terms at the right-hand side, respectively corresponding to the heat dissipation and to the viscous
force. The heat dissipation operator appears as a degenerate diffusion operator acting along oblique lines in
the (x, &£)-space, whose slopes are equal to the acceleration of a fluid eléeleNbte that, from the second
equation (58), up to terms of ordet, it is possible to replac€, in the first equation of (58) by-2(pd) 1V, W.

The viscous forces produce a diffusion in thapace only.

The model (58) differs from that derived in [2] not only in the expression of the viscosity and in the fact that
the&-dependent appears in the equation fgr but essentially in the discrepancy between the two velogities
andu. We shall see (see remark 1 below) that up to terms of artler is the usual fluid mean velocity. From
(59), i differs from the isotropization velocity by a term of ordee, which involves the derivative ¢f along
the same lines ifx, £) space as those appearing in the degenerate heat dissipation operator. Furtliermore,
vanishes in the case of a constanbecauser can be taken out of thg integral and what remains vanishes
identically by an integration by parts. Therefore, the discrepancy appears as the result of an interplay between
the é-dependent and the existence of gradients ghlong certain prefered lines in tlie, &) space. Further
mechanical interpretations of this model will be developed in future work.

Proof. —We just have to prove that system (52) is equivalent to system (58). We already know the expression
of ITA(g, u) from (46). Using (53), we have:

dg
F1=—r(1—1'l)«4(g,u)=—fp( & —Cu as>+r[24p pla; g (62)
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with U/ being the following traceless tensor
U, x) =V —d (Ve -u)l. (63)

Using the expression (32) of the operatbrwe then obtain:

0
A(FLu) =T, (Up - pr(g)—g) PV (pt(@) V)

0&
3 3
+p-V, (Cu : pf(g)é) +Cy - Vp(p-1(9)Veg) —Cu -V, (Cu : pf(g)é) (64)
3
— (Va)p- Y, <Up.pr<g>£) +G(p).

where G (p) only involves odd terms with respect o In particular, we havdlG = 0. By developing the
derivatives with respect tp, we get

0g
0&

g ] 5 g
+ vx-(p ®pcur<g)a—)+cu-(p ® s (r(g)vxg))—w Ok
d (65)

_c. 9 98\ _ . T 98
C, p®pcu8§__ (r(g)as) Vap - (U+U )pf(g)as

9 9
—((Vau)p-p)Up - p)£<r(g)£>+G(p)-

A(Fy,u) =T, (Up-pf(g) )—Vx ((p®p)Tt(9)Vig) + Cy-T(8)Vig

Now, to take the projection of this expression, we need lemma 4.1. We get:

MA(F1,u) = =V, (zd—st(g)vxg) +C, - 1(g)Vig + Vi (§Cur(g)a—g)

d d&
2t 9 2 dg 269 g
+Co(F @V )-IaE (o - 5 2 (rw 3 ) (66)
Ty . 2_5 B_g_ Ty . 7452 9 98
—UHUD)  (Van T, — U (Ve G 5 5 (“g)as)'

Introducing the traceless rate-of-strain tenscw) =/ +U" also given by (60), and factorizing the expression
(66), we obtain:

2 0 9
MAG ) = —562(V, = ) (6. 006"2(V.— Cug )¢

4 1_d/2i( 4_328_g> .
d(d+2)§ 5% t(§, 8)¢ 5% (o(u): (Vyu)).

Inserting the above found expressionsbA (g, u) andIT.A(Fy, u) into the first equation (52) leads to the first
equation (58).

(67)
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Now, to make the second equation of system (52) explicit, we need to colipite) andB(Fy, u). B(g, u)
is given by (46). With the expression & given by (62), we also have

B(Fi,u) = Vx-</ Up - p)p®pf(g)£ dp>

_<%ﬁﬁpv;+Vm+wVfuﬂ></)P®P<“@V* (7¥%> >

and then, using lemma 4.1:

(68)

ad g
BP0 ==V, (ueo @)~ (5 +u- Ve + Vot ol ) ([ 2 (ctvig - e ) dp). 69)
ot rd d 9§
with o (1) defined by (60) angk, by (61). We deduce that the second equation (52) leads to

ou v 2y w
p<5+< xu><u))+g g

=8Vx-(ura(u))+8<88 +u-Vy+Veu+ (V- u)]></ —1(&, g)< g—C, E)dp). (70)

Now, introducingu according to (59) and integrating the first equation of (70) with respectte=d
|S?-1|(28)-2/2 dg, we obtain:

B 2 -
L iv. =¢V, - . =-V,- —u)), 71
5, TV (ow=¢ /Rd y < g§—C, 8§> (p(a —uw)) (71)
which is nothing else than the continuity equation:
%,y (pi) = (72)
ot P =

Then, repeatedly using the continuity equation (72) in the following computations, we have:

B _
pCy + (Eﬂt-Vx+qu+(Vx-u)1)(pu—W)

= [V, - (pit)|u+ (% + qu) (pit) + (u - Vi + (Vo)) (pii — pu)
= pCi+ [V (pit) | (u — it) + [Vyu — Vil (pit) + (Vi - ) (pit — pu) + (u - V) (pit — pu)
= pCi + [(u— i) - Vi](pit — pu) + [V - (u — )| (pit — pu).

Sinceu — i is of the order of @¢), we deduce that:

Vet Vet 4 (Vs u>1)<pa ~ pu) = pCi + O(e?), (73)

a5
pPLy Y

which implies that (70) is equivalent to (58) up to second order terms ifhis completes the proof of
proposition 4.3. O
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Remark1: Let f(v) = F(v — u), with F given by (47). Then,

/vfdv:/(v—u)fdv+u/fdv:/dep+u/de:,0u+e/pF1dp+O(82).

But, with (53), we have

2 0 _
s/pFldp=—8/Rd §I<ng—Cu£) dp =p(u —u).

Therefore,
ou =/vfdv + O(e?),

showing thati is the ‘true’ mean velocity of the distribution function up to terms of oreferThis remark
explains why the continuity equation (72) and the momentum conservation (second equation of (58)) have a
more natural expression once expressed in terms 8t variance, the equation fagr is simpler in terms of

the velocityu about which it is isotropic. The fluid velocity and the ‘isotropization velocityi: only differ by

ordere terms.

5. System of momentsand closure approximations
5.1. Moment system

As mentioned above, the moment system derived from (1), (2) is closed at any order. We shall see that the
situation is different for the model (58). In all this section, we assumertkat (¢, x, &, [g]) depends oig only
through moments of with respect to thé variable. For instance;(z, x, &, [g]) = t1(¢, x, &, p, W).

Multiplying the first equation of (58) by**+¢/2~1 and integrating ovef we get:

M, 2k +d
SV M (Vi - u)My = e [(Dy)i + (Dp)i],
(D= X <<k+d)M +M )( () : Viu)
YT dd +2) 2) ek T Mkt JLORO Tl

! J (74)

(Dn)e =~ |:Afoak+l = Ve Mr g1 = Ve (P((k * E)Mt’k " Mts’kﬂ))}
2%k d
— X,P . |:VxMt,k — Mtx,k — P((k+ E - 1>Mt,kl + Mts,k>:| ’

with the following notations:

ot 1 2w
T, = V,1, T&‘:%, 77=;Vx 7 R

and whereM; andM,, , are the moments gf defined for an arbitrary functio (¢) by:

M= [ @ dp. Mpi= [ So@s@dp. (75)
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We recall thatdp = |S?1|(2£)@~2/2dg. For k = 0, (74) coincides with the continuity equation (72). Let us
compute the order 1 moment equation, we have:

ow d+2
— -t VW —= (Ve W =e[(D)1+ (D)),
(D)1 = 4 <d+2 M>()V
T G2\ 2 b T2 JLOHD Rl
2 d+2 (76)
(Dh)lzg[AxMtZ V M‘(), ( (—Mrl‘i‘Mth))]
2
——P- |V M M, 1— M .
dp |:x 7,1 w1 P(Z 7,0 T tgl>:|
Equations (61) and (59) can be expressed in terms of moments:
4 d+2
r=— | —— M1+ M, |, 77
o= g | g Mt M (77)
and
_ 2 d
u—u:s—[VxMrl—MTX1—77<—M10+Mf51>} (78)
pd ’ ’ 2 ’
Besides, we can write
ow d+
8—+u VW—!——(VX u)W—e[,u,a(u) Vu—qu}, (79)
where the heat flux vecter is given by:
2 d+2/u—u .
g =" (VMoo sz)+%<” MW-I—%VXW). (80)

Collecting the continuity equation (72), the momentum conservation equation (second equation of (58)), and
the energy equation (79), we obtain the following extension of the compressible Navier—-Stokes equations:

ap .
E_FVX (,OM)—O,
ou o 2 -
P (a— + (qu)(u)>+3VxW ==&V, - (10 @@)), (81)

ow d—+
a——i—u VW—!——(VX W =¢l[u.o@): Vit —V, -q],

whereu, andg are respectively the viscosity and the heat flux and are given by (77) and (80). The system (81)

is not closed because of the presence of order 2 moments sih,ad/,, » and M., », in the expressions of

the heat fluxg and of the viscosity:.. In the next section we shall investigate some closure hypotheses and
compare the obtained system with the usual Navier—Stokes equations. The closure hypotheses are based on the
two classes of explicit solutions of the non-dissipative system (1), (2), as discussed in section 2.
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5.2. Closure approximations

5.2.1. Dirac closure
We assume thaf is the Dirac delta measure (11), that is:

1

8O =15

@12 (1, )8 (5 — elt, X)), e= % (82)

As explained in section 2, this Ansatz is the most natural bridge between usual gas dynamics and the present
multivalued energy model. We have

Moi= [ E0@s@dp=pep o). (83)
Substituting this in (77) and (78), we obtain

u—u = S% {pevxe — Sevx (pE)} e (e). (84)

_Ld_—l—Z (€) 2 (€)
Mr_d(d—i—Z){ > pet(e -I—perge],

We also have

VM, 2 — My, 2 =1(e)V.(pe®) + pe’ze(e) Vee.
Then, using the expression of the heat flux given by (80), we get

_[_2 \Y, 4 \Y, 4 2y 8 2y
q—[—gpe )+ e x<pe>]r<e>+[ﬁpe (0= e x(,Oe)]Ts(e)-

This can be written in the following factorized form

—2 2 1 2 \Y 2V 85
f]—ge{gefs(e)—f(e)} [( —E>,0 xe—ge xp]- (85)

Hence, we recover a ‘Fourier—Fick law’ for the heat flux:
q=—kVT, T=e(pe) ", (86)

T being a generalized temperature, i.e. a quantity such that the heat flux is proportional to the opposite of its
gradient. The coefficient
2 2
K=—2(p0)T [Eé’fg (e) - r(e)] , (87)
can be interpreted as a generalized thermal conductivity. A generalized Prandlt number can be defined as the
ratio of the viscosity to this thermal conductivity:

_d+2p, d+2 _g]f(é’)"{‘ﬁel’g(e)

2 k2 (pe) r(e)—c—%erg(e) '

r.

(88)

In the case of a power lam(&) = 1o£k0, we get:

2(d — 2kg) ar2 2 4o 2(d 4+ 2+ 2kp) o+l _dld+ 2+2kg) 1

= d e d = = .
K =T 42 p e ) M = To dd+2 , r 2d — 2%k (pe)?/d
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We see that the heat conductivity and the viscosity remain positive if and efly2kq > 0 andd + 2+ 2kg > O,
i.e.—(14d/2) <kg<d/2.Indimensiond = 3, this gives the limitation-5/2 < kg < 3/2 and the values

_35+2k0 1
23— 2ko (pe)?/3”

2 2
k=T0g(3— 2ko) ™330,y = oG+ 2ko) pe*ott, Pr

5.2.2. Maxwellian closure

We investigate the Maxwellian closure which is the natural closure if the kinetic equation (23) corresponds
to microscopic molecular motions. It consists in assungng be a Maxwellian:

) s
g“’m)_(%T(z,x))d/zexp< T(z,x)>’ (89)

andT is related toWw by the perfect gas equation-of-state= (d/2)pT. We shall restrict the function(¢) to
power lawst (£) = %to(x, 1)&X. Then we obviously have, , = %fOMkJrko and M, = %fOkOMkJrkofl- As g
is given by (89) we havef;, = a;pT*, with

od/2-1gd~1 T+ 4
_¢F<k+i)=ﬂ, (90)

= T2y r

andT is the usual Euler function(x) = 0+°° t*~texp(—1) dt, for x > 0. In particularag = 1 anday,1 =
(k + (d/2))ay, which, wherk is an integer, gives, = (d/2)((d/2) +1)---((d/2) + k — 1). Hence

4 d ko+1
e = dd+2) (ko + > + 1) Tolke+1 70", (91)
and
u—u 21 ko+1 d ko

Now we insert these formulas into the expression of the heat flux given by (80) and, after some computation
we obtain

T
q= _30 (2k3 + 2ko + d + 2) g1 TV, T, (93)

which has the form of a ‘Fourier—Fick lawy = —« V, T, whereT is now the usual temperature, and where

70
K=—

y (2k3 4 2ko + d + 2) gy 1 T (94)
Now using the expression (91) we get the following value for the Prandlt number:

b dt20 2ko +d +2
ri= — = .
2 k  2ko+d+2+2K

(95)

Hence, forkg € [0, +00], the Prandlt number can take all the values of the intel®al]. In particular the
value Pr = 2/3, which is the physically realistic value for monoatomic gasesdfet 3, is reached for
ko=3(14++2D) ~14.
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5.3. Closure approximations for higher order moment system

We consider the moment system (74) truncated to the aker 2, i.e. the system of equations (74) of
unknownsM;, for 0 < k < N. We know that this system df + 1 equations is not a closed system because of
the presence of moments of the kij, , with 0 <k < N, and of the kindM, y1. In this section we show
how to derive an approximate closed systeniof 1 equations. For that purpose, we assume that the function
g is not far from either a Dirac or a Maxwellian distribution.

First we analyse the Dirac closure. We have to express the momgis0 < k < N + 1, in terms of
momentsM, for 0 < k < N. Itis clear from (83) that:

My =¢(e)My, forO<k<N; Mg ni1=ep(e)My, (96)

where we recall tha¢ = W/p and¢ is an arbitrary function of. Substituting these two relations in (74) for
0<k < N, we obtain a closed system of unknowg; )o<i<n -

Now consider a Maxwellian closure approximation and suppose a power law retdfipr= o o with
ko € N. In this case:

M ;. = toMi kg M, i = (t0)x Misko» M, « = tokoMj 1 ko-1-

Thus, to obtain a closed system of momefit& )o<i<n, We have to express the momems, ;, or My k11
for 0 <k < N in terms of momentsM; )o<i<n ONly. We use thadf;, = o, pT*, and deduce the relation:

Migs = 5575, 97)
Qg

for 0< k < N, s € N. This relation enables us to substitute mome¥is ko < k < ko + N + 1, appearing in
(74), by momentd, for 0 < k < N. We then obtain a closed system of unknowms )o<i< -

Whether these moment systems give rise to well-posed problems is of course a very important question,
which we shall defer to future work.

6. Extension to more general wave-particle collision operators
6.1. A collision operator with angular dependence

We consider the following extension of the collision operator (14), (15):

2
/ |U_M|

1
O(f,u)= M/Sdla(w,w,T, [f]) [fu+lv—ule)— flu+v—ulw)do'.  (98)

We shall assume that the cross sectida rotationally invariant, i.e. has the form(w, ') = og(w- ") > 0. As

for the functionr in (14), oy is an operator acting on the velocity dependencg stich thabg(x, 7, w - ', [ f])
depends on only through|v — u|?/2. Again, an example isg(w - o', [ f]) = oj(w - &', P.(f)) wherea} is

a local function ofP,(f). More complex examples can also be envisaged. In this section we shall see how
macroscopic models associated with this collision operator differ from those obtained so far. First we state the
following:
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ProPOSITION 6.1: (i) We have
[, o0ltx- 0 £ 1) (0 = 0) 4o = () (1.2 6. L Do (99)

where

@ Hex &) = [ (1= @)oot x.0-0. 6. 1) (100)

is independent ab, and is the so-called momentum transfer frequency.

(i) The collision operatof98) satisfies the following conservation properties

(@)
/Sd?l O(fiu)(u+ |v—u|lw)dw =0,

(b) Q(f,u) is momentum-preserving if and onlyifand f are linked by the relation

0= 0@ 6 1) £ ) dv =0, (101)

wherer; is defined by100).

The proof is standard and is omitted.

Now, let us perform the change to the local fluid frame (29). The expression of the collision operator is
changed to

1
LF(p) = W‘/Sd—l 0'0(0) . Cl)/’ %" F) [F(|p|a)/) — F<|p|6l))] dCl)/, (102)

which is a linear operator if the dependence of the cross section fifreezed. Asg > 0, its null-space is
clearly the space of isotropic functions. This is easily shown from the following weak formulation:

/Sd—l LF(|p|w)¢(|P|O)) dw

(103)
i | [ ool & & F)F(p16) = F(1plo)] x B(1p1e!) = 6(1plo)] dodo
for all test functionsp.
Following the method used in section 2.3, we can write similarly to (52):
{ MA(g, u) +eTTA(L Y [(I — TI)A(g. u)], u) =0, (104
B(g,u) +eB(L7*[(I — ) A(g,u)],u) =0

Using the expression @ff — IT).A(g, u) given by (62), we obtain

HA(g,u)+enA(( g —C, g_s)h( )——5“ H(p). u): ,

g
B(g,u>+ezs(( ¢ —C. ag)“’”‘%u H(p). u)
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whereh(p) and H (p) are respectively vector and matrix functions, solutions to:

2
Lh(p)=p and LH(p)=p®p—§1- (105)

The resolution of (105) witlL given by (102) gives:

h(p)=-np and H(p)=—fz[p®p—§l], (106)

wherert; is given by (100) withf = g andr is given by:

d-1

— oo(t,x,w-' &, [g])(1— (a)-a)/)z) do’. (107)
§d-1

() Mt x, &, [g]) =

Then the computations lead to the following macroscopic model:

g 2t dg
E-I-M-ng—(vx'u)g%
e 2prar (vx - cui) (n@, g)sd/z(vx - cui)g)
d € € (108)
_ap2 0 d+2 08
v #1427 5= O .
+8d(d+2)§ 0E (tz(é,g)é asé’)(ff(u)-(vxu)),
L S _
p(a + ( xu)(u)>+g xW = —EVy- (/’era(u)),
with
2 0
p(ﬁ—u):—s/Rdgrl<ng—Cu£> dp, (109)

andu., given by (61) withr replaced byr,. We notice that the model is of the same form as (58), but with two
different characteristic times: the first omgis for the heat dissipation operator and the other ogndor the
viscosity operator.

6.2. A Fokker—Planck type operator

An interesting limiting case of the angular dependent collision operators (98) is when the cross gection
concentrates on small angle deviations, i.e. behaves like a Dirac delta measure ofdhe @étin this so-
called ‘grazing collision limit’ (see, e.g., [16] and more recently, [17,18] for the case of the Landau limit of
the classical Boltzmann equation), the operator (98) converges to a diffusion operator in the angle variable.
Indeed, let the cross section(w, »') = oo(|lw — «’'|/n) be parametrized by the parameter 0 and letQ, be
the corresponding collision operator according to (98). Then, formally, at the leading order;wjoes to 0,
Q, is proportional to the following Fokker—Planck type collision operator:

Qo(f,u) =V, [®(—uw)V,f],

|w/?

(110)
S (w) = (d - 1><r1>1<r,x, = f) (w2 — w®w),
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with t; given by (100). To some extent, the cases of the angle-independent collision time operator (14), (15)
and of the grazing collision limit (110) are two opposite limiting cases

The integral ofQq against all functions of = |v — u|?/2 vanishes because kkfw) = Rw. The Fokker—
Planck operator is momentum-preserving if and only iandu are linked by (101). With the change to the
local frame (29), the collision operator is changed into

LF =V, [®(p)V,F]. (111)

The computations are the same as in section 6.1 and we find the macroscopic model (108) in which the two

time scaleg; andt, are now linked by

d—1
2d

T = 71.

7. Conclusion

In this work, we have discussed the properties of a gas dynamics model in which the energy in the frame
moving with the fluid is multivalued (or more precisely, measure-valued). This model is derived from a kinetic
model involving a collision operator which describes the isotropization of the distribution function about the
fluid velocity. We have been specifically concerned with the establishment of the dissipative corrections to
the purely convective multivalued energy model, in the case where the isotropization rate is a function of the
particle energy. In this case, the moment system associated with the so-obtained model appears close to the
usual compressible Navier—Stokes equations but with expressions of the viscosity and heat flux depending
on the details of the energy distribution of the particles. Two closures of the moment equations have been
investigated: the Dirac and the Maxwellian closures. In both cases, the expressions of the viscosity and thermal
conduction are different from the usual ones. We have tried to give arguments why these features could be
useful in an attempt to model fluid turbulence from kinetic theory. The future directions of this work are
twofold: first we shall try to validate these ideas against numerical solutions of well established turbulent flows;
second, we shall attempt to improve the physical relevance of the model by better including the already known
phenomenology of turbulence.
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